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Topological order in two-dimensional systems is studied by combining the braid group formalism with 
a gauge invariance analysis. Wc show that flux insertions (or large gauge transformations) pertinent to the 
toroidal topology induce automorphisms of the braid group, giving rise to a unified algebraic structure that 
characterizes the ground-state subspacc and fractionally charged, anyonic quasiparticles. Minimal ground- 
state degeneracy is derived without assuming any relation between quasiparticle charge and statistics. Wc 
also point out that noncommutativity between large gauge transformations is essential for the topological 
order in the fractional quantum Hall effect.
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In contrast with expectation from classical therm ody­
namics, physics at zero temperature is very rich bccausc of 
the novel effects o f quantum fluctuations. In recent years it 
has become increasingly clear that in a wide class of tw o­
dimensional strongly correlated many-body systems, a 
transition driven by a nonthermal parameter may occur at 
zero temperature to a novel phase which cannot bc de­
scribed by usual spontaneous symmetry breaking and order 
parameters. The characteristic signature of the novel phase 
is a finite ground-state degeneracy that depends on the 
topology of the system; accompanying it arc charge frac- 
tionalization (with respect to that of the constituent parti­
cles) and/or fractional statistics o f the quasiparticles. The 
first known example is the Laughlin state [1] for the frac­
tional quantum Hall (FQH) effect, with an electron filling 
factor v  =  \ / n  with n odd. Soon after, it was realized that 
in this phase the ground state is n-fold degenerate on a 
cylinder [2] or on a torus [3], while it is known to bc 
nondcgcncratc on a sphere. Actually it is the ground-state 
degeneracy that is responsible for the fractional quantiza­
tion o f Hall conductance [2,4] and dictates the fractional 
charge e* =  e /n  [5] and the anyon statistics 8 =  ir /n  [3,6] 
o f the quasiparticles. This type of new order is dubbed as 
topological order [7]. In recent years more systems, in­
cluding bosonic ones or those at zero magnetic field, arc 
identified as possessing topological order [8].
In the study of topological order, a central issue is how to 
characterize or classify topological orders. Previously 
there has been the idea [2,5] that the topology dependent 
ground-state degeneracy seems to bc dictated by an (emer­
gent) discrete symmetry. But the latter was never identified 
explicitly, except being Z n for the Laughlin states. Another 
important issue is how to understand the relationship be­
tween ground-state degeneracy and charge fractionaliza- 
tion and/or quasiparticle statistics. A puzzling fact is that 
different patterns have appeared in investigations of vari­
ous systems. For example, it was concluded [3] for the
FQH systems that on a surface with nonzero genus g, the 
appearance o f a fractional 8 =  irm /n  statistics, with m and 
rt coprimes, requires n"-fold degenerate ground states, 
confirmed by the braid group analysis [6,9] and by the 
effective Chern-Simons theory as well [10,11]. On the 
other hand, in a recent paper [12] it was shown, by using 
a gauge invariance argument [5], that charge fractionaliza- 
tion with e* =  e p /q ,  with p  and q coprimes, requires a 
ground-state degeneracy q2" if the quasiparticles arc ordi­
nary bosons and fermions, while the FQ H  ground-state 
degeneracy is known to bc only £/"-fold [3,9].
In this Letter, wc start with a reexamination o f the inter­
play between charge fractionalization and quasiparticle 
anyon statistics, if they coexist, in constraining ground- 
state degeneracy. This has been studied only for the 
Laughlin states and their variants [3,9], where fractional 
charge and anyon statistics arc known to bc closely related 
to each other [13]. Below wc shall derive minimal ground- 
state degeneracy without assuming any relation between 
quasiparticle charge and statistics. A bonus of our reex­
amination is the identification of the discrete topological 
symmetry algebra that underlies the ground-state degener­
acy, which can bc used to classify topological orders that 
support Abelian anyonic quasiparticle excitations.
Wc will start with the braid group formalism [6,14,15] 
for fractional statistics. Consider for N  quasiparticles in a 
toroidal system with size L x X L y. The braid group gen­
erators [16] consist o f cr,- (/ =  1 , • • •  ,N  — 1), which ex­
changes the /th and (/ +  l)th particlcs clockwise without 
enclosing any other quasiparticle, and of t,- and p t (/ =  
1 which represent moving the /th quasiparticle
along a loop on the torus in x  and v direction, respectively. 
(See Fig. 1.) Define operators A Uj  and C,-j as A jj =  
tJ xp jT jp J x and Cy,- =  p j x T jp jT jx, where 1 < / < _ / ' <  
N . The exchange operators cr,- satisfy the following rela­
tions,
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FIG. 1. (a) An exchange of quasiparticles; (b) Translations 
along nonshrinkable loops on the torus; (c) Two possible in­
sertions of a unit flux 4>u.
crl cr[ =  (Tta k, 1 ^  A ^  N  — 3, |/  — A| ^  2, 
W kVk^lVk =  <7k^\<7k<7k^ \ ' 1 <  A <  A/ -  2,
^ > i =  o',711';0';"1- P /f l =  <7iPi<7i-
T1(Tj =  (Tj T1, p 1crj =  crj p 1, (T2 =  A ,^ u ,
( 1 )
where 1 <  / <  A/ — 1 and 2 <  /  <  N  — 1. And r, ’s and 
Pi's satisfy
A m jT k TkA mJ, A mj P k PkA mJ, i ^  j  ^ j i ' 
PiPj  =  P j Pr Cj.i =  ( T i T i ) A j ( T ;  l Tt *),
Aj.i = (PiPj)CjJ(pj lp t ').
Cj j =  ’ ’ ’ Aj j - i),
T \ P \ T \ l P\  1 =  A 2, i A 3 i ■ ■ ■ /4 ,v-i,i/4,v,i,
(2 )
where 1 <  A <  I <  m  <  N  and 1 <  / <  j  <  N .
Let us now assume that the quasiparticles have a frac­
tional charge e* =  (p /q ) e , where p  and q are mutually 
prime integers, and consider an adiabatic insertion of flux 
2 -77/ e through one of the holes o f the torus. If the adiabatic 
flux insertion induces an infinitesimal electric field in the x  
direction, the process can be realized by a large gauge 
transformation Ux, in which the x  com ponent of the gauge 
field changes from  =  0 to =  2 ir /e L x. After the 
large gauge transformation, the gauge potential =  
2 ir /e L x will give rise to an Aharanov-Bohm phase 
e - 2mp/q wiien we apply T._ Therefore, we obtain
UxT. = e - ™ Ph ,TiUx. (3)
On the other hand, because and pj do not encircle the 
flux, we have
UxP, =  p ,U x, Vxa , =  a ,V x. (4)
Similarly, using the adiabatic flux insertion, we can define 
another large gauge transformation Uy, in which the v 
com ponent of the gauge potential changes from 4 V =  0 
to /4V =  2 tt/ e L x\ and we have
Uy T, =  Tj Uy, UyP,  =  e ~ 27ripf q PjUy,  
U xa , =  <r,U,.
(5)
We notice that the relations (3)—(5) are compatible with 
the braid group algebra (1) and (2). Thus the large gauge 
transformations Ua (a =  x, v) are (outer) automorphism of 
the braid group operators:
a ’ =  U „ a ,U -1, V ut ,U-u U a P . U a 1-
(6)
Namely, by using relations (3)—(5), one can check that the 
new operators <x', t \, and p ' also satisfy the same braid 
group algebra as crh r h and p {.
It is easy to verify that Ux UyUx l U y 1 commutes with all 
d j, Th and pj. Therefore, by Schur’s lemma, for any 
irreducible representation, UxUyUx l U y 1 is a (unimodu- 
lar) c number; namely
U VUV e™ *U ,U x. (7)
As we will see, A is rational and can be fixed by the 
requirement of a finite m inimal ground-state degeneracy. 
It is a new many-body quantum number, also characteriz­
ing the topological order of the system, and is closely 
related to the fractional quantization of Hall conductance 
(see below).
Assume that the quasiparticles are Abelian  anyons: 
a j  =  e '° i ,  where 1 is the unit matrix. Then the braid group 
representation is uniquely determined as
Tj = e - 2i0(j - u Tx, pj  = e2imj - u Ty, 




On a torus we also have the constraint on N  and 8, e2lN0 =
1. Assuming N  >  2, 6 / tt must be a rational number, 0 =  
7nn/n , where m  and n are mutually prime integers. Thus, 
Tx and Ty satisfy
TXTy g—lmmjnj'- rp ( 1 0 )
The linear automorphisms induced by Ux and Uy now 
reduces to
UyT ,U ~ l =  TxUxTxUx l =  e - 2™P/iTx,
UxTxUx l =  T  v, U J xUx l =  e - 2™P/iTx.
( 1 1 )
To count the ground-state degeneracy, we consider the 
following process. First create N  pairs of quasiparticle and 
quasiholes out o f the ground state, then move the /th 
quasiparticle by Tj. After it returns to the original position, 
we pair annihilate all quasiparticles and quasiholes. This 
process defines an operation o f r,- to the ground state. 
Similarly, we define the operation of p t and cr, to the 
ground state. Throughout this Letter, we assume that the 
Fermi level lies in a gap and the gap remains finite in the 
operations above. Since for a system with Abelian anyonic 
excitations, the operations crj's on the ground state gener­
ate merely a phase. Thus we concentrate on the operations
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t ] =  Tx and p j =  Ty on the ground state; from Eq. (8) all 
other Tj and p , can be expressed in terms of them.
First, we reproduce the degeneracy due to the fractional 
statistics r6,161. Let us take the basis o f the ground state to 
be an eigenstate of Tx, Tx \rj) =  e ,7,\r]). By applying Ty to 
I rj) and using (10), the following new states are obtained: 
T x{Ty \r])) =  e rtv-2irsm/n)]'s\rj ^  where 5 is an integer. 
Since the new states have n different eigenvalues of Tx, 
the ground state has n-fold degeneracy at least.
The charge fractionalization gives another constraint 
for the degeneracy. From  Eq. (10), Tx and Ty com ­
mute with each other, TxTy =  Ty Tx. Therefore, we can 
take the basis of the ground state which diagonalizes 
Tx and Ty simultaneously, Tx\rjh rj2) =  e 'V[ \rjh rj2), 
T y \v \.  V i) =  V2>- By applying Ux and Uy to
this and using Eq. (11), we have Tx(UxUy \r]x, V i)) =  
eHiu+2™ , a n d  T;{U^U{]r)h r)2)) =  
e 'ill2+27T,"pf ‘l)UxUy \r]^, 7]2) where s and l are integers. If 
n /q  =  N / Q  where and Q  are mutually prime inte­
gers, it is found that there are q Q  sets o f eigenvalues of Tx 
and T'y. This implies that the ground state has g ^ - fo ld  
degeneracy at least.
By combining the results above, we find that the m ini­
mal degeneracy of the ground state should be the least 
common m ultiplet of n and q Q  =  n Q 2/ ! N .  Namely, the 
system has n Q }-fo ld  ground-state degeneracy. This indi­
cates clearly that the fractional statistics and the charge 
fractionalization are both responsible for the ground-state 
degeneracy. The minimal degeneracy obtained here in ­
cludes both the results in Refs. [3,121 as special cases. 
M ore possibilities are predicted.
Up to now, we have not used noncommutating relation 
(7) between Ux and Uy. This relation contains an additional 
parameter /\, which is not fixed uniquely by e* and 6. We 
believe this parameter /\ could be determined by the low- 
energy effective Lagrangian, which we do not discuss here. 
In order for the degeneracy to be finite, /\ has to be a 
rational number /\ =  k/1, where k and I are coprimes. At 
least in the following examples we find that the integers k 
and I can be determined by requiring the degeneracy be 
minimal given e* and 6. In any case, the degeneracy is 
given by a multiple of ttQ }.
Now we present some explicit representations of Tx, Ty, 
Ux, and Uy and corresponding degeneracy.
(1) 6 =  ir /ti and e* =  e /r t .— This corresponds to the 
Laughlin state with v =  \ / n .  Because !H  =  Q  =  1, the 
m inimum degeneracy is n. If we assume that Ux and Uy 
satisfy UxUy =  e~27Ti/"Uy Ux, we can construct Tx, Ty, Ux, 
and Uy w ithout increasing the degeneracy,
Tx Ty R hXh’ Ux ^nXn’ Uy ^nXir
( 1 2 )
Here S„x „ =  diag{l, e '2rr/'', • • •, and










/nR nXnS n Xn. This resultThey satisfy SnXnR nXn =  e~ 
reproduces the degeneracy given in Ref. [31.
( 2 ) 0  =  0 or 6  =  tt. — The quasiparticles are bosons or 
fermions. Since n =  1, we obtain ! N  =  1 and Q  =  q. 
Thus the minimal degeneracy is q 2 [121. We find that if 
Ux and Uy commute with each other, the minimal degen­






Uv 1 qXq cPcfXcj'
(14)
(3) q and rt are mutually prim e.— The degeneracy is 
n q 2. We can construct the following representation for T x, 












where the minimal degeneracy is realized. Ux and Uy 
commute with each other in this representation.
(4) n =  N q  and m =  1.— Because of Q =  1, the 
m inimum degeneracy is rt. A representation is given by
T r =  SnXn> T = R U r = R u v = s
_  - 3 f p  r j  o N p  
nXtif u x iKnXn > ^y  ^nXn’
(16)
Ux and Uy satisfy UxUy =  e - 27Tii^ i ,2/ ‘i}Uy Ux.
(5) q =  Q rt.— In this case, ! N  =  \, thus the least de­
generacy is ttQ }. W hen Q  and rt are mutually prime and 
p =  m =  1, we can construct the following representation:
T r =  S Q_XQ_' nXn ii Q_xQ-
T y = \ Q X Q  ® R n X n ® S Q _ X Q '  
Ux = R q x () ' Q.XQ.’
U y  =  1 Q x Q  ® S’hXh ® R q x Q ’
(17)
where k /tt  +  l / Q  =  1 /  Qrt (mod. 1); namely, the frac­
tional part of the left side is equal to the right one. In this 
case, UxUy =  e - 2^ ,ttUy Ux.
Here we would like to mention that the noncom m uta­
tivity of the large gauge transformation UxUy =  
e2^ U y Ux is closely related to the topological order in 
the fractional quantum Hall effect. To see this, consider the 
degenerate ground states (f>K {K =  1, • • ■ ,d ) ,  on a torus 
with boundary conditions parametrized by twisted phases 
6 and <p [41, satisfying Ux\6, <p)K =  \6 + 2 tt, <p)K and 
Uy\6, <p)K =  16, <p +  2 tt) k . The Hall conductance is
010601-3
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f  r - ,
r T t  JO JO 2 7T1 \  d ip  8 0  /
B c c a u s c  o f  £ / '£ /  =  U y U'x , w c  c a n  ta k e  th e  b a s is  w h ic h  
d ia g o n a l iz c s  b o th  £/(. a n d  f / v . In  th is  b a s is  a c h a n g c  in  0  by  
2 i r l  o r  in ip  b y  2 i t  le a d s  th e  s ta te  b a c k  to  i ts e lf .  T h e r e f o r e ,  
w c  h a v e  a to ru s  w ith  0  <  6  <  2 i r l  a n d  0  <  ip <  2 i r .  T h e  
a b o v e  in te g ra l  c a n  b c  r e c a s t  in to
e
l i d
2 d / l l  „  





d tp r l + 1
de -(0<
s in c e  th e  d e g e n e r a te  g r o u n d  s ta te s  <pK s a t is fy  4>H + m ( 0  +  
2 tt, ip) =  4>rl+ m + 1(6 ,  ip)  ( r  =  0 , • • • ,  d / 1  -  1, m  =  1, 
• • • , /  — 1). T h e r e f o r e  w c  h a v e  th e  fo l lo w in g  f o rm u la  fo r  




H e re  th e  in te g e r  /,. is a g e n e r a l iz a t io n  o f  th e  to p o lo g ic a l  
n u m b e r  ( f ir s t  d i s c o v e r e d  in R e f .  [ 171) d e f in e d  b y  0 , . /+ 1 . F o r  
th e  s c c o n d  e q u a l i ty ,  w c  h a v e  n o te d  th a t  a ll  / / s ta k e  th e  
s a m e  v a lu e  / ,  s in c e  th e  d e g e n e r a te  g r o u n d  s ta te s  a rc  r e la te d  
to  e a c h  o th e r  b y  s y m m e try  o p e r a t io n s  T x a n d  T y . T h is  
in d ic a te s  c le a r ly  th a t  th e  n o n c o m m u ta t iv i ty  A =  k / 1  o f  
th e  la r g e  g a u g e  t r a n s f o rm a t io n s  is e s s e n t ia l  to  f r a c t io n a l  
q u a n tiz a t io n  o f  th e  H a l l  c o n d u c ta n c c .
T h e  f r a c t io n a l  c h a r g c  w c  d is c u s s c d  a b o v e  c a n  b c  a n y  
c o n s e rv e d  U {  1) q u a n tu m  n u m b e r ,  w i th  th e  f lu x  th re a d in g  
u n d e r s to o d  a s  tw is te d  b o u n d a ry  c o n d it io n s .  T h e  m in im a l  
d c g c n c r a c y  o b ta in e d  c an  b c  g e n e r a l iz e d  to  a h ig h -g c n u s  
R ic m a n n  s u r fa c e :  I f  th e  g e n u s  is g ,  f o r  A b e l ia n  to p o lo g ic a l  
o r d e rs  w c  fin d  g  c o m m u t in g  c o p ic s  o f  th e  d is c r e te  a lg e b ra  
p r e s e n te d  a b o v e ,  so  th e  m in im a l  d c g c n c r a c y  is n g Q 2g.
T o  c o n c lu d c ,  in th is  L e t t e r  w c  h a v e  p ro p o s e d  a d is c re te  
s y m m e try  a lg e b ra ,  E q s .  (7 ) , (1 0 ) ,  a n d  (1 1 ) ,  o f  th e  o p e r a ­
t io n s  r v, T y , U x , a n d  U y , th a t  c o m p le te ly  c h a r a c te r iz e s  th e  
g r o u n d - s ta te  s u b s p a c c  o f  a g c n c r ic  A b e l i a n  t o p o lo g ic a l  
o rd e r ,  i .e .,  th a t  s u p p o r ts  A b e l ia n  a n y o n ic  e x c i ta t io n s ,  o n  a 
to ru s .  T h e  id e n t i f ic a t io n  v e r if ie s  th e  o ld  id e a  th a t  th e  
g r o u n d - s ta te  d c g c n c r a c y  in  a to p o lo g ic a l  p h a s e  is d u e  to  
th e  c m c r g c n c c  o f  a d is c r e te  s y m m e try  [2 ,51 . W c  n o te  th a t  
th e  a lg e b ra  id e n tif ie d  is in d e e d  o f  to p o lo g ic a l  o r ig in  a n d
c o n ta in s  o n ly  th re e  f r a c t io n a l  p a ra m e te r s :  q u a s ip a r t ic le  
c h a rg c  <?*/<?, a n y o n  s ta t is t ic s  0 / 2 i r ,  a n d  f lu x  n o n c o m m u ­
ta t iv i ty  A. G r o u n d - s ta te  d c g c n c r a c y  is d e te r m in e d  b y  th e  
r e p re s e n ta t io n s  o f  th is  s y m m e try  a lg e b ra .
T h e  w o r k  w a s  s u p p o r te d  in p a r t  b y  th e  U .S .  N S F  th ro u g h  
G r a n t  N o . P H Y -0 4 0 7 1 8 7  (Y. S . W .). Y. S . W . a c k n o w le d g e s  
p a r t ia l  s u p p o r t  f ro m  th e  IS S P , U n iv e r s i ty  o f  T o k y o .
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